Accurate expressions, valid in experimentally relevant regimes, are presented for the effect of a long-ranged Coulomb interaction on the low-energy properties ͑momentum distribution function, density of states, electron spectral function, and 4k F correlation function͒ of one-dimensional electron systems. The importance of plasmon dispersion ͑as opposed to exponent͒ effects in the spectral function is demonstrated. DOI: 10.1103/PhysRevB.64.193307 PACS number͑s͒: 71.10.Pm, 73.21.Ϫb, 73.20.Mf, 74.20.Mn The low-energy behavior of one-dimensional ͑1D͒ electron systems is known not to be consistent with Fermi liquid theory.
) divergence. As we show, this approximation is not accurate in any physically relevant regime. One exception is a very interesting recent renormalization group treatment 11 which found an effective exponent very similar to ours but did not discuss the implications for physical quantities. Some numerical results have also appeared, 12 but a general understanding of the experimental implications of the Coulomb interaction is lacking.
In the present paper we use direct analytical and numerical evaluation of the relevant bosonization expressions to determine the momentum distribution function, tunneling density of states, and spectral function for 1D electron systems interacting via the physically relevant Coulomb interaction at zero temperature. We define an important but previously overlooked energy scale, present an accurate expression for the scale-dependent exponent, show how the scale-dependent velocity affects the spectral function, and qualitatively discuss the 4k F correlation function. Our results should apply directly to 1D QWR's ͑Ref. 5͒ and nanotubes. 6 We consider a 1D electron system with a noninteracting dispersion p which we linearize near the Fermi point, defining a bare velocity v F . We here assume that the only important interaction is the Coulomb interaction in the forward scattering channel and neglect umklapp scattering and other interactions. This is a good approximation for QWR and nanotube systems. ͓For organic and doped spin chain materials a modification, discussed below Eq. ͑2͒, is needed.͔ The Hamiltonian is ͑here we do not write the spin index explicitly͒
where c r,p † is the electron creation operator and r (q) is the density operator describing density fluctuations at momentum q and branch rϭϮ1 for the right ͑left͒ movers. For 1D systems V c (q)→ln(1/q) as q→0 and becomes 1/q for q larger than some scale q 0 set by the geometry and the wave function size. A reasonable approximate form, which we will use in our subsequent analysis, is
͑2͒
where V 0 is a dimensionless measure of the interaction strength and q 0 Ϫ1 is the length scale parameter. V 0 and q 0 are system-dependent factors. For a cylindrical quantum wire of radius a, V 0 ϭ4e 2 / 0 v F and q 0 ϳ2.5/a, where e is the electron charge and 0 is the background dielectric constant, about 10 for GaAs. These values give the correct longwavelength limit and are within 10% of the correct 1/q coefficient at large momentum. In carbon nanotubes V 0 is of the same form as in QWR's but 0 ϳ1.4 6 and q 0 ϳ2.97/R, where R is the radius of the tube. For organics or doped spin chains, additional short-ranged exchange interactions may be important. The usual arguments 2 show that these interactions lead, at low energies, to an additive constant term in V c (q).
Equation ͑1͒ may be bosonized as usual 2, 3 ; the charge excitations are plasmons with dispersion q ϭqv q , and ve-
͑3͒
͑Note that we have lim q→ϱ q ϳqv F ϩV 0 q 0 /2 qv F for the Coulomb interaction.͒ The electron Green function G r (x,t) ϵ͗ r (xt) r † (00)͘ is
where the phase function ⌽ r (x,t) is PHYSICAL REVIEW B, VOLUME 64, 193307
The exponent parameter p is defined by
where q s ϵq 0 e 1/V 0 and the last approximation is good at long wavelengths, qӶq 0 .
We now use Eqs. ͑4͒-͑6͒ to study electronic quantities. We begin with the momentum distribution function
where ␦pϵpϪrk F . In a noninteracting Fermi gas, n r (␦p) ϭ(Ϫr␦p). For a short-ranged LL, the generally accepted result 13 is that in the vicinity of the Fermi momentum, 0.5
␥ ͖ with ␥ a LL exponent and C 1 and C 2 two constants. The first term is the noncritical background coming from high energies, while the second ͑critical͒ term comes from low energies where LL physics is important. For the long-ranged interacting model we now consider, attention to the singularity structure of the noninteracting electron Green function leads to ͑let ␦pϾ0
where again the nonsingular C 1 Ј term is from the integration over small x, while the singular C 2 Ј term comes from integration over large x and is a weak function of ln Figure 1 shows results obtained by numerically evaluating Eq. ͑8͒ for typical QWR parameters. An enhanced curvature near the Fermi momentum is evident. The inset of Fig. 1 shows the logarithmic derivative ␣ q (p)ϵd ln͉n(p) Ϫ1/2͉/d ln(p), which shows that for small ␦p the behavior may be described in terms of a slowly changing effective exponent. We note that ␣ q (p) is always less than 1, because when the scale-dependent exponent ␥ q (p) of Eq. ͑9͒ is greater than 1, the background term dominates.
We now turn to the tunneling density of states,
for measured from the chemical potential.
We first show that N() vanishes faster than any power of as →0. We observe that if V c (p) 0, G vanishes faster than any power of t as t→ϱ. 9 Therefore the integral obtained by taking any number of derivatives of N() is absolutely convergent at long times, and may be evaluated straightforwardly by contour methods even at ϭ0. 14 We further note that G r (0,t) has no singularities in the lower ͑upper͒ half plane for rϭϩ1 (Ϫ1); thus by deforming the contours appropriately we find that d n N()/d n ͉ ϭ0 ϭ0 for any n. This argument does not apply to n(p) because of the different analytic structure of the x dependence. Thus the noncritical contributions which obscured the behavior of n(p) do not occur in N(). By evaluating Eq. ͑10͒ we obtain
where the scale-dependent density of states exponent ␥ () is 
One sees that the fit is very good ͑the small differences appearing at /E f ϳ0.01 arise from noise in the numerical calculation͒. ( s /), an approximate form used earlier in the literature. 9, 10 However, as seen from the inset of Fig. 2 , the leading logarithmic divergence is so weak that in all physically relevant regimes the other two terms in Eq. ͑12͒ are needed for quantitative accuracy. On the other hand, the constant ͑scale-independent͒ exponent used in Ref. 6 for nanotubes is also not an adequate approximation for the small energy region (Ͻ0.05E F ) either. We therefore propose Eqs. ͑9͒ and ͑12͒ as widely applicable fitting formulas for the effective exponents in the Coulomb Luttinger liquid.
The scale-dependent exponent also appears in the single-particle spectral function (q,)ϭ(1/2)͓G(q,) ϩG(Ϫq,Ϫ)]; however, the scale-dependent velocity in Eq. ͑5͒ is more important. To introduce our results, we briefly summarize known results for a short-ranged repulsive interaction in the spinless LL model. 13 At fixed q, one defines three ranges: ͑i͒ (q,)ϭ0 for ͉͉Ͻ q ͑energy-momentum conservation͒, ͑ii͒ power-law singularities as ͉͉→ q ϩ , and ͑iii͒ an exponential decay at scales larger than the Luttinger cutoff. For the long-ranged Coulomb interaction, (q,)ϭ0 for ͉͉Ͻ q due to the energy-momentum conservation, but the behavior in both regions ͑ii͒ and ͑iii͒ is strongly modified. For ͉͉Ͼ s ͓region ͑iii͔͒, (q,)ϳexp ͓Ϫ͉͉/E c ()͔ with a scale-dependent cutoff
because of the slow (1/q) decay of the Coulomb interaction in the large momentum region ͓Eq. ͑5͔͒. Near threshold ( q Ͻ͉͉Ӷ s ) there are two effects: the scale dependence of the effective Luttinger exponent and the curvature of the plasmon dispersion, which prevents the different boson modes from adding coherently. Thus as one decreases towards q ͑consider Ͼ0 part only͒ one obtains first a divergence ␦ ␥ (␦)Ϫ1 ͑here ␦ϵϪ q ). This divergence is cut off by curvature effects at a scale c (q)
(q s /q), the difference between the exact dispersion and a linear approximation. We find that for q larger than q * ϳAq s e Ϫ75/V 0 ͓at which ␥ " c (q * )…ϭ1͔ the curvature effect is more important in cutting off the divergence, whereas for qϽq * the effective exponent is more important. As ␦→0 ϩ the spectral function decreases rapidly, ultimately vanishing faster than any power of ␦ due to the increase of the effective exponent. Thus the generic behavior is a spectral function which increases rapidly as is increased above threshold q , goes through a maximum at peak ϭ q ϩ⌬ with ⌬ set by the larger of * and c (q), and then decreases exponentially with a scale-dependent cutoff E c () for Ͼ peak . The suppressed spectral weight in the nearthreshold region is compensated by the slower decay at high energies, preserving the sum rule ͐(q,)dϭ1. In Fig. 3 we show the results of direct numerical evaluation of the electron spectral function for the Coulomb Luttinger liquid ͑solid lines͒ and for a short-ranged-interaction ͑regular͒ Luttinger liquid with exponent ␣ϭ0.2, approximately equal to the effective exponent of the Coulomb case at ϭ0.3E F ͑dashed lines͒. Note that the partition theory techniques used in Ref. 15 to simplify the evaluation for the short-ranged case do not work in the Coulomb case. The shift of the peak away from the threshold is evident.
Finally, we briefly discuss the ''Wigner crystal'' correlation. Schultz 9 observed that at long enough length scales the logarithm arising from the long-ranged Coulomb interaction causes the 4k F component of the density-density correlation to decay more slowly than x Ϫ4K and also more slowly than the 2k F component, leaving a state best interpreted as a Wigner crystal. Using the notation of this paper, we obtain, for the 4k F term in the structure factor,
where ␦pϵ͉pϪ4k F ͉. Therefore we expect to see the 4k F divergence when ͱV 0 ln 1/2 (q s /␦ p)Ͼ8 or ␦pϽq s e Ϫ64/V 0 , or in terms of temperature at TϽT w.x ϭ s e Ϫ64/V 0 , which is sensitive to the electron density and experimental geometry, but is in general far too small to be experimentally relevant and is also much less than the scale * at which N() develops a pseudogap.
Before concluding we critically discuss the various approximations made in our theory in the following. ͑i͒ We have used an approximate form of the 1D Coulomb interaction through the simple model defined by Eq. ͑2͒. This approximation is qualitatively correct, but the cutoff length scale q 0 Ϫ1 is system dependent and may not be known in general. ͑ii͒ We have neglected umklapp and other possible ͑e.g., impurity-induced͒ large-q corrections in our calculation primarily because such corrections do not arise in semiconductor quantum wire systems which are of main interest to us. If umklapp processes are important, that could change our results. We believe that our theory is the correct leading order theory for the Coulomb Luttinger liquid and the neglected corrections are small.
In conclusion, we have presented a systematic theoretical analysis of the low-energy properties of electron systems subject to long-ranged Coulomb interactions, including a reliable estimate of the scale-dependent Luttinger parameter and apparently the first calculation of Coulomb effects on the spectral function and values for the ͑unfortunately extremely low͒ scales at which the divergent behavior associated with the Coulomb interaction becomes manifest. 
